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Abstract. We prove that Behrend's function is constant on Hilb n (C 3 ). A 
calculation of motivic zeta functions shows the relevant Milnor fibers have 
zero Euler characteristic. As a corollary we see that Hilb n (C 3 ) is generically 
reduced. These results extend to moduli schemes of points and curves on 
resolutions of ADE singularities C X Yq . 



1. Introduction. 

In [Ell Thomas studies moduli spaces of sheaves on three dimensional Calabi-Yau 
manifolds and defines a holomorphic analogue of the Casson invariant associated 
to such moduli spaces. These integer valued invariants are deformation invariants 
and contain much interesting information about the geometry of the Calabi-Yau 
threefold in question [fl7| fllfl . Here our philosophy is to consider the schemes 
Hilb"(C 3 ) as moduli spaces of stable sheaves on perhaps the simplest Calabi-Yau 
threefold, namely C 3 . 

Some time after the introduction of these numbers it was realized by Behrend [[l] 
that these Donaldson-Thomas invariants could be defined as Euler characteristics 
weighted by a certain constructible function. 

Theorem 1.1. (Behrend) For every scheme M over C there exists a canonical 
constructible function 

v M ■ M -> Z 

such that if M is a projective moduli scheme with a symmetric obstruction theory 
then the associated Donaldson-Thomas type invariant is given by 



r(M)^n.v(,-/( n ))eZ. 



nGZ 

In this context we have a localization formula. Given a torus action with iso- 
lated fixed points this virtual count reduces to summing the values of vm at the 
fixed points. Behrend and Fantechi show that, for suitable torus actions, we have 

V M (p) = (_l)dimT p JU at each fixed point p g M g_ j n the case of Hilb"(C 3 ) 

there is a specific torus action whose fixed points correspond to three dimensional 
partitions. Moreover at these points ZTnib™(c 3 )(jO = ( — 1)™ [0 an d we deduce that 

J2 # mr (Hilb"(C 3 )) t n = Y[(l {-t) n )- n 

n>0 n>l 

where the generating series on the right hand side is MacMahon's function enumer- 
ating three dimensional partitions, or the number of ways to stack n boxes in the 
corner of a room This gives the Donaldson-Thomas invariants for C 3 . 

l 
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However the question still remains, 

What are the values of Behrend's function elsewhere on Hilb n (C 3 )? 
Our main theorem provides a simple answer, 

Theorem 1.2. Behrend's function is constant with ^Hiib'*(c 3 ) = ( — !)"• 

The proof of this theorem uses a relation to Milnor fibers. Indeed, if X is 
the scheme theoretic degeneracy locus of a regular function on a smooth variety 
/ : M -> C then atpel 

^(p) = (-i) diraM (i-x(MF J , p ))eZ 

where MFf tP is the Milnor fiber of / at p, i.e. the intersection of a nearby fibre of / 
with a small ball in M centred at p. Remarkably Hilb"(C 3 ) has such a description 
as a critical locus. We can compute the relevant Milnor fibers, using arc spaces, 
and show that they have zero Euler characteristic. A complete proof of Theorem 



1.2 is contained in Section 2. 

It is more generally a fact that the value of Behrend's function at a point p € M 
is a local invariant of the singularity at p. Constancy of t'Hiib™(c 3 ) puts restrictions 
on the singularities of Hilb n (C 3 ). The following corollary to Theorem 1.2 is also 
contained in Section 2. 

Corollary 1.3. The components of Hilb"(C 3 ) are generically reduced and have 
dimension equal to n mod 2. 

The remainder of the paper involves further calculations of motivic zeta func- 
tions. We prove a dimensional reduction result Theorem |5.3| in Section 5. In partic- 
ular by applying this theorem to the case of Hilb n (C 3 ) we see that the singularities 
of Hilb"(C 3 ) are related to those of the commuting variety 

{(B,C) G End(n) x2 : [B,C]=0}. 

This leads to a second proof of Theorem [H^ in Section 6. One advantage of the 
second proof is that it generalizes to other settings. In particular if Yq is a crepant 
resolution of an ADE singularity then C X Yq is a Calabi-Yau threefold containing 



compact curves. Using Theorem 5.3 it is possible to show that Behrend's function is 
constant with absolute value equal to one on moduli schemes parameterizing points 
and curves in C x Yq. This theorem is stated here in the language of quiver moduli 
spaces (see Section 3). 

Theorem 1.4. Let Q, W be the quiver and potential associated to one of the ADE 
types. Then for 6 -generic Behrend's function is constant on the moduli scheme of 
d-dimensional 6-stable framed A = CQ / Iw modules. Moreover we have 

^/ w =o } = (-l) E - / - dl 
where fi are the components of the framing vector. 

One new feature of this result is that it is valid in any chamber of the space of 
stability conditions. So for instance it is true in all of the PT/DT/ncDT chambers 
considered in generalized Donaldson-Thomas theory Jl3[ . In particular, for the 
choice of stability condition corresponding to ideal sheaves we have the following. 
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Corollary 1.5. For all numerical polynomials p(n) = an + b the components of 
Hilb p ^(C x Yq) are generically reduced and equi- dimensional mod 2. 



Theorem |1.4| and Corollary |L5 are results that are peculiar to the geometry 
C x Yq . For moduli schemes parametrizing points and curves in general threefolds 
both constancy of the Behrend function and generic reducedness may fail. 

Example 1.6. N on- Constancy. This is achieved by the expository example of 
Pandharipande and Thomas |16| Section 4- They discuss degree 2 stable pairs with 
Euler number 4 on the resolved Conifold singularity. The moduli scheme of such 
objects has P 3 as it underling space but it contains a reduced scheme structure 
along a quadric hypersurface. Generically we have that Behrend 's function equals 
— 1 while along the quadric it takes value +1. 

Example 1.7. Non-Reducedness. In |l2] ] Section II, Mumford considers smooth 
degree 14 curves of genus 24 embedded in P 3 and shows that over an open set in 
the Chow variety this family is incomplete. As a corollary of this we see that the 
Hilbert scheme of curves in P 3 has a component that is generically non-reduced. 
This means that for Hilbert schemes of curves in threefolds not only is Behrend 's 
function non- constant but it can have absolute value greater that one generically on 
an entire component. 



In Section 2 we prove Theorem 1.2. Section 3 and Section 4 contain background 



material on quiver moduli spaces and motivic zeta functions respectively In Section 



5 we pro ve th e dimensional reduction statement Theorem 5^5. Section 6 applies 
Theorem 5J3 to relate the singularities of Hilb™(C 3 ) to those of the commuting 



variety. Finally, we consider the ADE cases in Section 7. 



2. Proof of Main Theorem. 

In this section we prove that Behrend's function is constant on Hilb"(C 3 ). The 
three main properties of the function that we require are 

(1) (Locality) If / : Y — > X is etale, then f*v Y = i>x, 

(2) (Multiplicativity) v X xY{p,q) = v x {p) • v Y (q), 

(3) (Milnor Fiber) If X is the critical scheme of a regular function / on a 
smooth scheme M, i.e. X = {df = 0}, then 

^(p) = (-l) dim(M, (l-x(Mf/, P )) 

where M Ff tP is the Milnor fiber of / at p. 

The first of these implies that the value at a point is an invariant of the singularity. 
This allows to make calculations locally in a neighborhood of a given point. The 
second property means that if our scheme splits as a fiber product it is enough to 
find the values on each factor. While the third gives an explicit way to compute 
the value in the case of Hilb™(C 3 ). All of these properties can be found in [0. 



Theorem 1.2 . Behrend's function is constant with ^Hiib™(c 3 ) = ( — !)"• 
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Proof. The first step is to setup the following description of Hilb"(C 3 ) as coming 
from a quiver with potential, 

GL(V) > (End(V) 




/ 

(End(F) x3 x V) ll x GL(V). 

Here V is an n-dimensional complex vector space. The group GL(V) acts on the 
vector space V in the natural way and the quotient is given by Alistair King's 
construction of quiver moduli spaces fll|| . In this case the stability condition is 
simply that the action of the three endomorphisms on the vector generates the 
entire vector space V. In particular the group action is free on the stable points 
and the map it is a principal GL(V) bundle. The map / is defined by f(A, B, C, v) — 
Tr(A[B,C}). We have that 

Hilb"(C 3 ) = {df = 0} 

is the scheme theoretic degeneracy locus of the regular function / on the smooth 
space (End(V r ) x3 x V) // X GL(V). 

Basically, a point in this moduli space corresponds to a choice of three endomor- 
phisms and a special vector satisfying the stability condition. The three endomor- 
phisms arc identified with the action of the co-ordiantes x, y, and z on the ring of 
functions of our length n scheme while the special vector is identified with the unit 
in the ring, that the three endomorphisms lie in the degeneracy locus is precisely 
the further condition that they all commute. This construction is explained in de- 



tail in Example 3.2 of Section 3 where the general framework is developed for any 



quiver with potential. 



The advantage of this description is that we can remove the action of the gauge 
group GL(V^) from all further considerations and work on the linear space of 
matrices in the pre-quotient. Locally, even Zariski locally, in a neighbourhood 
U C Hilb Tl (C 3 ) the principal bundle tt : {df = 0} -> Hilb"(C 3 ) splits as U x GL(V). 
So at a point (u, g) 6 U x GL( V) C {df = 0} we have 

is{ df= o}(u,g) = i^nih"(C3)(«) • V GHV)(9) 

2 

= fmib«(c 3 )W ' • 

Here the first equality follows from the multiplicativity property and the second 
is a consequence of the fact that on a smooth scheme Y, vy{ij) = (— l) dlm ( r ) for 
all y £ Y jjj. As mentioned it now suffices to work on the prequotient and prove 
the equivalent statement that V{df=o} is constant with value equal to 1. We are 
reduced to studying the critical locus of the function / : End(V r ) x3 xV->C given 
by f((A, B, C, v)) = Tr(A[B, C}) and we can use the relation to Milnor fibres. 

(3) (Milnor Fiber) If X is the critical scheme of a regular function / on a 
smooth scheme M, i.e. X = {df = 0}, then 

^W = (-i) dim(M) (i^«) 

where MFf >p is the Milnor fiber of / at p. 
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Since in our specific case the dimension of our ambient linear space has even di- 
mension equal to 3n 2 + n coming from the three endomorphisms and a vector we 
see that the value of Behrend's function is constant with value equal to 1 if and 
only if 

X (MF ftP ) = 

for all p in the critical set {df = 0}. We will attack this problem directly using 
arc spaces. Arc spaces are defined functorially with the underling set of C-rational 
points determined by maps of a curvilinear fat point into our variety 

C n (X)(C) := Hom(Spec(C[i]/(f l+1 )),X) 

moreover if we insist that the topological support of the arc be located at a point 
peX, we can study the space of arcs based at p, these spaces can record interesting 
information about the singularities of X at p 

C n (p,X)(C) := { 7 (f) G C n (X) : supp(j(t)) = p}. 

Now given a regular function / : X — > Aj. by the functorality of the construction 
we get a map / : C n (X) — > £„(Ac) sending 7(f) to /07(f). In coordinates this arc 
in Aj- can be expressed as 

/ o 7(f) = a + ait H a n t n mod t n+1 . 

We define 

X n (p) = { 1 eL n (p,X):fo 1 (t)=t n } 
these are arcs in X based at p that vanish up to order n — 1 into the central fiber. 
These spaces provide a measure of the singularities of /. Indeed the zeta function 

ZfAT) :=£x(* n (p))T" GZ[|T|] 

n>l 

is known to be a rational function with removable singularity at 00 such that 
liniT^oo Zf, p (T) = x{MFf,p) @< hi our case we are considering the function 
/ : End(^)^ 3 x V -> C given by f(A, B, C, v) = Tt(A[B, C}). From now on we fix 
a point p = (Aq, Bq,Cq,vq) in the critical locus of / at which we are interested in 
computing the Milnor fibre MFf, p . This corresponds to a choice of a vector and 
three commuting matrices. The arc spaces X n (p) are given by 



(Ai, Bi, Ci, Vi)i- 




2_. J]] Cjf* 



= f" mod f" 



=0 i=0 

We are going to show that all of these spaces have Euler charateric equal to zero. 
This will imply 

X (Xn(p))=0 => Z ftP (T) = => X (MF ftP ) = 

giving the result. To this end we consider the group of matrices 

Ga.b,c ■= {P G GL(V) : [P, A] = [P, B] - [P, C] - 0} 

this group acts on the set X n {p) via g{Ai, Bi, Ci, Vi) = (gAig~ x ,gBig~ x ,gCig _1 ,gvA. 
Moreover the group has Euler characteristic equal to zero and so 

X(Xn(p)) =x(Xn( P f A > B > C ). 

We turn our attention to the fixed points of this action. These are given precisely 

by 

gAig 1 = A^gBig 1 = B tl gC t g 1 = C,, and Vi = 0. 
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So that the matrices Ai,Bi,d commute with every element in the group Ga,b,c- 
This implies that every matrix present commutes with Aq, Bq, Co- In fact (although 
it is unnecessary) without loss of generality we could have chosen the three matrices 
Aq, Bo, Co to have been invertible form the start and hence present in the group 
Ga.b,c by fiat. This commutativity implies that the trace function has a simplified 
form when restricted to the fixed point set X n (p) GABC given by 

tl n "1 \ 

^Bif^df \=t n mod f +1 . 
_i=l i=i J / 

Now all sums begin at i = 1 and the polynomial is homogeneous in the vari- 
ables. So we have a C* action on the fixed point set given by X(A il B^Ci) = 
(X 2 Ai, X~ 1 B i , A _1 Ci). This action is free so that 

X(Xn( P f A ' B ' C ) = X((Xn(pf A ^ C ) C *) = X(0) 

which equals zero. □ 




Corollary 1.3. The components of Hilb"(C 3 ) are generically reduced and have 



dimension equal to n mod 2. 

Proof. Suppose X is an irreducible scheme then at a general point pel the value 
of Behrend's function is given by 

^(p) = (-l) dim W-m 

where m G N is the generic multiplicity X. Indeed, on X the value of vx can 
be defined cycle theoretically via a signed version of MacPherson's local Euler 
obstruction on the normal cone (|Q Chapter 4.3). Now the corollary follows from 
our theorem by applying the above fact to each of the components of Hilb"(C 3 ). □ 

Remark 2.1. Given any smooth therefold X. Then etale locally Hilb"(X) is iso- 
morphic to 

Hilb ni (C 3 ) x •■• x Hilb" fc (C 3 ) 

for some ri\ + • • • = n j^]. From this the above theorem and corollary actually 
extend to any smooth threefold using the locality and multiplicativity properties (1) 
and (2) above. 

3. Quiver Moduli Spaces. 
Here we develop a general framework of quiver moduli spaces. This includes the 



above description of Hilb"(C 3 ) (see Example 3.2). The reader only interested in 
these schemes may wish to skip this material. The construction will mainly be used 
for the ADE resolutions in Section 7. 



Let Q = (i G I, a : i — > j) be a finite dimensional quiver. A representation of 
this quiver is given by M — (Vi , M a : Vi — > Vj) a collection of vector spaces V% one 
based at each vertex and a linear map M a : Vi — > Vj associated to each edge. These 
representations naturally form an abelian category rep(Q). Every representation 
has a dimension vector dim(M) = (dim(V^))i e / G Z 1 . In fact these categories are 
hereditary and if we define a bilinear pairing on X 1 via, 

{d, e) Q = ^2 d i e > ~ X! die i 
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then we have 

x(M,N) = Ext°(M,N) - Ext x (M, N) = (dim(Af"),dim(JV)> Q . 

The connection of these representations to algebra is to observe that we can define 
a path algebra CQ, with a vector space basis given by paths in the quiver, and 
multiplication given by concatenation of such subsequent paths. This gives an iso- 
morphism between the category of finite dimensional representation of the quiver 
and finite dimensional modules for the path algebra, rep(Q) = mod(CQ). Consider- 
ing these objects up to isomorphism we have the moduli stack of Q-representations 
of dimension d £ Z 

m d (Q) := [H d /G d ] 

with H d := IL^j Hom(C*,C*) and G d := Y[ ieI GL(C d *) and where the group 
G d acts on H d in the natural way. In general the stabilizer groups in this quotient 
will be affine algebraic groups of positive dimension. We would like to have a smooth 
quotient in the category of schemes Alistair King's idea Q was to use Mumford's 
projective GIT. Given 9 £ (Q*) 1 we say that a d dimensional representation M is 
#-(semi-)stable if 

m ... «fL (£) < „ ( M) - e(d> 



for all 7^ TV C M with dim(iV) = e. Furthermore to ensure the moduli spaces are 
smooth we introduce a framing vector / £ Z> and study framed representations. 
These consist of a representation of the original quiver and a collection of fi vectors 
in each the vector spaces Vi. In |J a modified stability condition is introduced, we 
say that a framed representation (M, v) is 0-stable if 

M is 9 semistable and fJ,(U) < fJ-(M) 

for any proper subrepresentation U containing the framing vectors If we define 

M f /{Q) = (H d x V f ) estMc /G d 

to be the geometric quotient of the set of 0-stable framed representations. Then it 
is proven || . 

Theorem 3.1. For fixed d and 9-generic, we have that M^' S (Q) is a smooth fine 
moduli space parameterizing stable framed quiver representations of dimension d. 
In particular, the quotient map 

ir:(H d x V f ) 0stable -> M f /{Q) 

is a principal G d bundle. 

Here ^-generic means that theta is chosen so that stability coincides with semi- 
stability for all (non-framed) representations of dimension d. Indeed this is an open 
condition on the set of stability parameters. 

Now that we have produced these smooth moduli spaces we want to consider a 
potential function on them, the critical locus of which we will be interested in. 
A potential is an element of the path algebra W £ CQ such that If is a formal 
linear combination of paths that are cycles. We can use this to define a polynomial 
fw in the following way 

fw-H d x V f C via f w (M, v) = Tr(M Q ), 
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by taking the sum of the traces around each cycle. The function is clearly equiv- 
airant for the gauge group Gd and induces a regular function 

J w :M f /(Q)^C 

the critical locus of such a function carries a symmetric obstruction theory and 
led to Szendroi's Jl8[ definition of non-commutative Donaldson- Thomas invariants. 
The name coming from the fact that the critical locus of this function parameterises 
modules for the (possibly non-commutative) three dimensional Calabi-Yau algebra 

A = CQ/Iw 

where Iw is the two sided ideal generated by the cyclic derivatives of the potential 
§ 

Example 3.2. The Hilbert scheme of points on C 3 . We first consider the 3 loop 
quiver Q 3 = (*, {x, y, z}) with one vertex and three arrows. The path algebra for 
this quiver with multiplication given by concatenation of paths is clearly seen to be 
equal to C(x, y, z). We will take 9 = 1 G Q* and a single framing vector / = 1 G Z. 
The smooth moduli space 

then parasitizes n-dimensional cyclic modules for C(x, y, z) or equivalently left ideals 
of length n. Next we take the potential W — x(yz — zy), then the vanishing of dfw 
implies commutation relations for the maps in the representation, as an exercise 
one can check 

A = CQ/I W = C[x,y,z]. 
The scheme theoretic degeneracy locus of this potential is 

Hilb"(C 3 ) = {df w = 0} c M^(Q 3 ) 
the Hilbert scheme of n points in C 3 . This description was use prominently in S . 

Remark 3.3. In the above example there are interesting non-commuative defor- 
mations most notably the Sklyanin algebras |f2fjf given by modifying this potential 
to 

W — a - xyz + b ■ xzy + - (x 3 + y 3 + z 3 ) 
3 

where [a : b : c] G P 2 . We can extend the results of this paper to the cases when 
c = but the other cases remain interesting. 

4. Motivic Zeta Functions. 

Motivic zeta functions were introduced by Denef and Loeser [Q as a geometric 
analogue of the p-adic zeta functions studied by Igusa |IcJ . We will recall here their 
definition and some of their properties relevant for our purposes. 

Let S be a scheme over C. We define the Grothedieck group of S- varieties Ko(Vars) 
to be the free abelian group on isomorphism classes of S- varieties modulo the scissor 
relations, 

[X -> S] = [Z -> S] + [X \ Z -»• S] 
for any Z C X a subvariety. This group can be made into a ring using the fibre 
product as multiplication 

[X ^ S] x [Y ^ S] = [X x s Y ^ S}. 
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We will need to make one slight extension of this ring to varieties with a group 
action. Let G be a group with a good action on S, we say that an action is good if 
it preserves a collection of affine charts. Then we can define K G (Vars) to be the 
collection of G-equivariant S- varieties. That is isomorphism classes of G-equivariant 
maps [X — > S] where X has also a good G action. Again we impose the scissor 
relations and the obvious fiber product. However in this ring it is very convenient 
to quotient out by the further relations, 

[V x c S ->• S] = [A^ m(v) x c S -> S] 

where V is any G-representation and the class on the right has the trivial action. So 
we make these extra assumptions and as a piece of notation write L = [Aj. xcS — > S] 
for the class of the affine line. These classes we will often refer to as motivic classes, 
they can be though of as universal Euler characteristics. Indeed there is a map 

X : K G (Var s ) -> Z given by [X] ^ X (X) 

from the Grothcndieck group of S'-varieties to the integers given by taking the 
numerical Euler characteristic. Indeed this is a homomorphism of rings if S = 
SpecfC) is a point. Similar maps exist for the _B-polynomial, Poincare polynomial, 
etc§. 

In order to define the motivic zeta function we also need to make a brief discussion 
of arc spaces (a.k.a. jet schemes). We give a modular definition, by defining the nth 
arc space of the complex scheme X to be the separated scheme C n (X) representing 
the functor, 

F n : (C - algs) -> (Sets) given by R i-> Hom(Spec(i?[i]/(t n+1 ), X)). 

In fact it is easy to prove that the above functor is representable using local co- 
ordinates for X . Notice that truncation of the curvilinear schemes gives natural 
maps 7r™ +1 : C n +i{X) — > C n (X). Moreover by the functionality of the construction 
given any map / : X — > Y we get an induced map C n (f) : C n (X) — > C n (Y), given 
by sending 7 G C n (X) — > f o 7 £ C n (Y). In this way arc spaces can be seen as a 
generalization of the tangent bundle construction. 

Now suppose that we have a regular function / : X —> C on a smooth space X. Let 
Xq = /^(O), we can define the following arc spaces in the hope of measuring the 
singularities of X 

X n := {7 G C n (X) : f o j(t) = a n t n mod t n+1 with a» G C*} 

these are n-arcs that vanish to order n — 1 in Xq. This space has a natural C* 
action given by z • j(t) — 7(2 • t) for z G C*. Moreover they are relative over the 
central fibre Xq = / _1 (0). We can define the naive motivic zeta function 

Zf ivc {T) := J^[X„ -> X }(h- dim( - x ^T) n G KoiVar/Xo)^- 1 ]^]. 

Now consider the subspaces 

£„,! := {7 G C n (X) : f o 7 (t) = t n mod t n+1 } C X n . 

The above C* action gives a restricted \i n action on these spaces. If we define 
p, = lim fi n to be the protective limit of these groups then we can define the motivic 
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zeta function 



Z f (T) := £[£,,,1 -> X , M n](L- dim(X) T) n G ^(Var/Xo^Hp 1 ]]. 

n>l 

Finally as a conglomeration of these two functions we define 

(^rj£ 1 ^naive/^\ \ 
!_y " z f( T ) I e ^(Var/XoJpL- 1 ]!^]. 

A theorem of Denef and Loeser says that all of these zeta functions are rational 
functions and moreover the limit as T — > oo exists. 

Theorem 4.1 (Theorem 3.3.1 Q). TTie functions defined above are rational func- 
tions in T moreover they can be written as a finite sum of functions of the form 

a 111 



i=l 



w/iere a <E ^(Var/Xo) and z/j,iVj £ N. 

In fact their theorem says much more giving an explicit formula for a rational 
function in terms of an embedded resolution, but we will not take this approach in 
our computations. Now we can define the motivic vanishing cycle of / : X — > C 

[0/] := T lim4(T)eF(Ml ). 

Remark 4.2. All of the definitions given above were relative over the central fibre. 
Choosing a point p € Xq we can make all of these constructions relative to a point 
by pulling back all the motivic classes along the map i p : p — > Xq we get 

i* p : K^{Var/X ) -> K^iVar/p) 
: [X ^ X Q }^ [p x Xo X ^ p] 

for p £ Xq. For example we can define a motivic zeta function Zf^ p (T) relative to 
a point p 6 Xq in terms of arcs spaces 

X n (p) ■= supp(~f) = p} 

i.e. arcs based at the point p. Then we have, 

[4>f.p] :=*;[*/]= lim zf >p (T). 

It is again a theorem (see Theorem 3.5.5 Q) that this motivic vanishing cycle 
has all the usual properties of the sheaf of vanishing cycles. In particular 

x([h,p}) = (-i) dim(x) (i - x(MF ftP )) e z 

where MFf :P is the analytic Milnor fibre. This completes our general discussion of 
motivic zeta functions. 

We now turn to a special case studied by Davison and Meinhardt Q . Henceforth 
we consider a function / : A d — > C. Moreover we assume there exists a C* action 
on A d given by t(xi, . . . , xj) — (tx±, . . . , tx r ,x r +i, . . . , xj) such that for this action 
we have f(t ■ x) = t p f(x) for some p <E N. Let C n {A d )° C £„(A d ) be the collection 
of arcs with topological support in X = / _1 (0). Then we consider the composite 
map 

/„ : C n (A d )° ^(A 1 ) A 1 



BEHREND'S FUNCTION IS CONSTANT ON Hilb™(C 3 ). 



11 



given by 

/„ : 7(4) i y f o 7(i) = a x i + . . . + a„f l i-» a„. 

The fibres of / n over zero and one both have fj, n actions analogous to those above 
and it is shown (|| Section 5) 

Zf(T) = (-lf^df-^O) -> X ,» n ] - [f-\l) -> X ,» n ])(L- d T) n 

as a power series in the ring /^(Var/X )[1L _1 ][[T]]. In fact by using the further 
relations on the fi equivariant motives above it is shown that one can take the action 
on [/^(O)] to be trivial (§ Remark 4.2). 

Remark 4.3. On the level of Euler numbers it is possible to show that this formula 
is true regardless of the equivariance assumptions on f . Indeed at a point p G Xq 
we always have 

X (ZU T )) = W £&(/« '(0) xx P) - xifn'W xx„ p))T n G Z[\T\] 

n>l 

for any function f : A — > C. 



5. Dimensional reduction. 

In this section we discus a method that can be used to compute p (T) under 
some very restrictive assumptions on the function /. 

Definition 5.1. Let (A , be a complex vector space endowed with a non- 
degenerate bilinear form and suppose there exists a homogenous function r : A r — > 
A 1 such that, 

f : A 1 x A r -> C 
: (x,y) i-^ (x,r{y)), 

then we say that f has a linear factor. 

Definition 5.2. Associated to a function with linear factor as above. We define 
the reduced variety to be 

R={yeA r : r(y) = 0} . 

The dimensional reduction theorem we shall prove relates the motivic zeta func- 
tion of / to the arc spaces of this reduced variety. Throughout this discussion we 
will be interested in relative calculations and as such we fix once and for all a point 
p = (xq, j/o) G {df = 0} C Xq. Notice that in particular this implies that r(j/o) = 0. 

We consider the following collection of arcs based at yo 

n R := |(W)<=1 «GA r ":r^>fj =0 mod f l | . 

We can regard this as a sub- variety of the arc space £„(A r ,j/ ) as such it is 
isomorphic to C n -i(yo, R) x A r , given by the arc space of the reduced variety 
at the point yo- Then we can consider the space A' ™ x ( n R) as a subspace of 
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£ n (A l , (xo)) x £„(A r , (yo)) = C n (A l+r , (xo,yo)). On restricting to this sub- variety 
the function /„ defined above takes a much simpler form 

/nU ! -»x(»R) : (xi,2/i)i=i,...,n H> (x ,r f ^ J ) mod t n+1 
in particular the function has no dependence on the x\ . Motivated by this we define 
A°(a:o) := | (y,-) G ( n R) : (ar , r (X>^ 1 ) = mod r +1 j 

Ai(a:o) := j^er^^aJo.r^y/Wf" mod f 1+1 j 

where both the spaces above have the natural fj, n action given by £ • (y,) = (C2/i) 
for a primitive nth root £■ 

Theorem 5.3. JTe ftawe 

Z^T) = (-l)' +r ^([A°(a;o),/xi] - [Ai(xo)])(L-»T)» € P(^/rirtr| 

n>l 

Proof. First we remark that any function / with a linear factor satisfies the equiv- 
ariance condition at the end of our discussion on motivic zeta functions. In fact we 
have a C* action on A l+r given by t(x,y) = (tx,y) such that f(t(x,y)) = tf(x,y). 
Therefore as above we can write 

zfjT) = (-l) l+r J2dfn\V) Xx P,»„] - [/- X (l) x XoP ,Hn})^- l - r T) n 

n>l 

where to make the function relative to the point p = (xo, yo) we simply pulled back 
along the inclusion map i p : p —5- Xq (see Remark 4.2). The rest on the proof just 
involves cancelation of certain terms at each coefficient T n . 
The function /„ is defined on the space of arcs based at p via 

/„ : C n (A d )^C 

n / n \ 

: (Xi, yi ) i ^ (J2 Bit', r J2 ^ ) mod 

i=0 \i=0 / 

We define 

n R m := j(y<) G A r - n : r (X>^) = "»**" + mod t n+1 ,v m + j . 

These spaces provide a /Lt n equivariant stratification of the space of arcs 

C n ((xo, yo),A l x A r ) = A'" x ("i? 1 ) u ■ • ■ U A'" x ( n R n ) 

notice that n R n is just n R defined above. Now when restricted to each of these 
components /„ takes a simplified form 

/„ : A n/ x ( n R m ) -> C 

n 



BEHREND'S FUNCTION IS CONSTANT ON Hilb"(C 3 ). 13 

Let us assume that m < n. If we insist that fn((xi,yi)) = 1 then the condition 
that v m 7^ imposes a single linear condition on the vector x n -i while all other x% 
coordinates are unrestricted, we get that 



[fn\ K liK(n R m){])] =L n l [ n R m ,fJ, T 



Similarly, an identical formula holds for the inverse image of zero over A nl x ( n R m ). 
This gives the desired cancelation 

Ifn'm [fnW] = [fn\lL x{nR) (0)] - [fn £i x (.«) (1)] ■ 

We saw above in our discussion prior to the theorem that the function /„ restricted 
to A n/ x ( n R) bears no dependence on the coordinates a^. From this it follows 
immediately that 

[fn\lL x{nR) (Q)]=^ nl K(xo)} 
[fn\^ x{nR) (l)}=^ nl [A 1 n (xo)} 

and both these motives inherit the fi n action described above. Moreover we may 
take the action on A^(xo) to be trivial as mentioned in || Remark 4.2. □ 

Corollary 5.4. Let f : A l+r — > C be a function with a linear factor as above and 
let p 6 {df = 0} C A l+r then 

V{df=a}{p) = Jim x(Zf, P (T)) 

where 

x(Z ftP (T)) = (-l) l+r £(x(A° M) - X (Ai(x )))T n . 

n>l 

Proof. This corollary is an immediate consequence of [f| Theorem 3.5.5 mentioned 
in Section 3 and the Milnor fibre description of v Q given by 

i/ W=0} (p) = (-l) l+r (l - x{MF ftV )). 

□ 

Remark 5.5. The above corollary remains true if we drop the condition that the 
function r : A'* — > A 1 is homogeneous. We will not need this here but the proof 
of Theorem \5.!\ will carry over in this setting by neglecting the fi n actions and 
comparing with Remark \4-^j . 

6. Singularities and the Commuting Variety. 

In this section we are going to use the dimensional reduction theorem above to 
give a second argument that the Milnor fibres of 

/ : End(V0 x3 ^C 

: (A, B, C) i->- Tk{A[B, C]) 

are equal to zero. Therefore implying the constancy of Behrend's function on 
Hilb n (C 3 ). 

It is clear that the map / has a linear factor, where we consider the trace form 
as a non-degenerate pairing on End(V^). The corresponding reduced variety equals 

R={(B,C) e End(V) x2 : [B,C] =0} 
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and is known as the commuting variety. At a point p = (Aq, Bq, Co) G {df = 0} 
corresponding to three commuting matrices we have 



K(A ) 



.,71—1 ^ ^71—1 (R, (Bq, Co)) 



: Tr A , 



c^ 



i=l 
x2 



mod 



x End(F) > 

{{Bi, Ci, u»)»=i,. ..,n-i G £„_i(i?, (Bq, Co)) 



"ra-1 



71-1 



: Tr A,, 



t n mod 



xEnd(y) x2 . 



Here we can consider the sums beginning at one by the commutativity of the three 
matrices Aq, Bq, Co- Now by the results of the last section 

Z U T ) = (-l) dim(V)3 £([A°(A ), m ] - [Ai(A ),/g)(L- 2dim(y)2 2T 

n>l 

and in particular 

x(zt P (T)) = (-I f^f ]T( X (A°(A )) - X (K(Ao))T n . 

n>l 

Then we can consider the action of C* given by X-(Bi, Ci) = (\Bi, \~ l Ci) preserving 
both A^(Ao) and A°(A ). The action on the first space is free while the action on 
the second has a unique fixed point (0,0), this gives 

X(AI(A )) = and X (A°(A )) = 1. 

Taking limT^oo x{Zf, P {T)) implies all Milnor fibers have zero Euler characteristic. 

7. ADE RESOLUTIONS. 

Lastly we look a some other threefolds for which the value of Behrend's function 
remains constant. Consider the Kleinian surface singularities given by 

A n : w 2 + x 2 + y n+1 = 

D n : w 2 +y(x 2 + y n - 2 ) = (n > 4) 

E 6 : w 2 +x 3 + y i = 

E 7 : w 2 + x(x 2 + y 3 ) = 

E s : w 2 +x 3 + y 5 = 0. 



To each such singularity there exists a crepant resolution given by replacing the 
isolated singular point by a chain of rational curves with intersection pattern dual 
to the corresponding Dynkin diagram. For example we have 

Y An ^V(w 2 +x 2 +y n+1 ) 

where the fibre over (0, 0, 0) consist of n copies of P 1 , with the ith curve intersecting 
the i + 1st at a single point. The threefold C x Ya u is Calabi-Yau and derived 
equivalent to a quiver with potential. In the A 4 -case the quiver Qa 4 is drawn in 
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Figure 1 . The quiver Qa 4 ■ 

Figure 1. The potential has a similar cubic form to the Hilbert scheme of points 
considered before 





^- = 12^ • LA • Li» - L 7i 

v i=0 / \\j=0 / \i=0 / \i=0 

where the above expression is interpreted in the path algebra CQa„ of the quiver 
Qa„ ■ A similar description exist for the other Lie types above 11 . Continuing with 
our example, the algebra A — CQa^/Iwa,, ^ s three dimensional Calabi-Yau and 
derived equivalent to the threefold C x Ya„ . Now one can construct moduli spaces 



of finite dimensional framed A-modules. By Theorem 3.1 we have (for 0-generic) 
a description of the moduli space of framed d-dimensional QA„- re P resen t a tions m 
terms of a principal G ( i bundle 

7T : (H d x V f ) dBtable -»• M f /(Q). 
Then the moduli scheme of stable framed d-dimensional A = CQA n /Iw An modules 
is given by the degeneracy locus of the function fw An '■ mI' S (Q) — > C. 

Theorem |1.4| . Let Q, W be the quiver and potential associated to one of the ADE 
types. Then for -generic Behrend's function is constant on the moduli scheme of 
d-dimensional 6-stable framed A = CQ/Iw modules. Moreover we have 

where fa are the components of the framing vector. 

Proof. This is identical to the second argument we gave for the Hilbert scheme of 
points. For generic 6 we have a principal Gd bundle tt : (Hd x Vf) 6stable — > M^' e (Q) 
so it suffices to work on the pre-quotient and show the corresponding Milnor fibers 
are all zero. The reduced variety is now a generalization of the commuting variety 
but the same argument as in the previous section goes through line by line. The 
simple sign comes from the symmetry of the quiver. □ 

It has been shown (see that for certain choices of stability parameter this 
quiver perspective produces the familiar moduli spaces of DT/PT objects on C x Yq . 
In particular in the DT chamber we find the Hilbert scheme of points and curves on 
C x Yq . As a corollary we have a reducededness statement for the Hilbert scheme 
of points and curves. 



Corollary |l.5|. For all Hilbert polynomials p(n) = an + b the components of 
Hilb p M(C x Yq) are generically reduced and equi- dimensional mod 2. 
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